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Abstract
We study, using the dual AdS description, the vacua of field theories
where some of the gauge symmetry is broken by expectation values of scalar
fields. In such vacua, operators built out of the scalar fields acquire expec-
tation values, and we show how to calculate them from the behavior of
perturbations to the AdS background near the boundary. Specific exam-
ples include the N = 4 SYM theory, and theories on D3 branes placed on
orbifolds and conifolds. We also clarify some subtleties of the AdS/CFT
correspondence that arise in this analysis. In particular, we explain how
scalar fields in AdS space of sufficiently negative mass-squared can be asso-
ciated with CFT operators of two possible dimensions. All dimensions are
bounded from below by (d− 2)/2; this is the unitarity bound for scalar op-
erators in d-dimensional field theory. We further argue that the generating
functional for correlators in the theory with one choice of operator dimen-




The AdS/CFT correspondence [1,2,3] may be motivated by comparing stacks of ele-
mentary branes with corresponding gravitational backgrounds in string or M-theory. For
example, the correspondence [4] between a large number N of coincident D3-branes and
the D3-brane classical solution leads, after an appropriate low-energy limit is taken, to
the duality between N = 4 supersymmetric SU(N) gauge theory and Type IIB strings
on AdS5 × S5 [1,2,3]. This construction gives an explicit realization to the ideas of gauge
theory strings [5,6].
In order to construct the Type IIB duals of other 4-dimensional CFT’s, one may place
the D3-branes at appropriate conical singularities [7,8,9,10,11]. Then the background dual
to the CFT on the D3-branes is AdS5 × X5 where X5 is the Einstein manifold which is
the base of the cone. Indeed, the metric of a 6-dimensional cone Y6 has the general form
ds2cone = dr
2 + r2ds25 . (1.1)
Here Y6 is a cone over a five-manifold X5, and ds
2
5 is a metric on X5. If a large number
N of D3-branes is placed at the apex of the cone, that is at r = 0, then the resulting
geometry has the metric
ds2 = H−1/2(−dt2 + dx21 + dx22 + dx23) +H1/2ds2cone , (1.2)
where
H = 1 +
L4
r4
, L4 ∼ gN(α′)2 .
In the near-horizon limit the constant term inH may be ignored and the geometry becomes
AdS5 ×X5 where X5 is the base of the cone. Type IIB string theory in this background
is then conjectured to be dual to the infrared limit of the field theory on the stack of
D3-branes. Some explicit examples of such duality were exhibited in [12,13,9,11].
In this paper we study in some detail the vacuum states of these CFT’s in which some
of the gauge symmetry is broken by expectation values of scalar fields. In terms of the
AdS description, such vacua arise either by moving the threebranes away from the conical
singularity or from each other, or from the dynamics of the manifold Y6, whose singularity
might be either resolved or deformed. These cases are all somewhat similar as, whether
the threebranes are moved or Y6 is resolved or deformed, the threebranes tend to end up at
a smooth point in Y6. In fact, vacua obtained by resolution, deformation, and threebrane
motion can all be described in an AdS language by using metrics that look like AdS5×X5
only near infinity.
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These vacua also fit in a common framework in the description via boundary conformal
field theory. They are all obtained by symmetry breaking, that is by giving expectation
values to various scalar fields.
Perhaps the simplest example of such gauge symmetry breaking arises in the N = 4
SYM theory, by turning on scalar fields such that the gauge group SU(N) is broken
down to S(U(N1)×U(N2) . . .×U(Nk)). In the language of D3-branes, this corresponds to
separating them into k parallel stacks. The appropriate geometry is the k-center threebrane
solution, and one may once again take a scaling limit which amounts to dropping the
constant term in the Green’s function H [1]. We will put the interpretation of the k-center
solution via gauge symmetry breaking on a more precise and systematic basis by using
the general principles of the AdS/CFT correspondence to compute expectation values of
gauge-invariant order parameters in vacua described by the k-center solution.
A wider range of examples comes from considering threebranes near a conical singu-
larity. The most elementary examples are the “orbifold” CFT’s, where the six-dimensional
cone is R6/Γ, with Γ a discrete subgroup of SO(6) [7,12,13]. We denote the elements of
Γ as ωi. If the D3-branes are displaced away from the orbifold singularity to a transverse
position ~y0, then the metric is given by
ds2 = H−1/2dx2 +H1/2(d~y)2 , (1.3)





|~y − ωi~y0|4 ,
and the resulting space is subsequently divided by Γ. (Here we are denoting the four
coordinates that parametrize the brane world-volumes as x and the six normal coordinates
as y.) Intuitively, if y0 is displaced from all of the orbifold fixed points, then this metric
has the same singular structure as that obtained from N D3-branes at a smooth point on
R6. This suggests that the metric describes the flow (via a Higgs effect) from an orbifold
field theory [12,13] at short distances to an SU(N) theory with N = 4 supersymmetry at
long distances. (For instance, if Γ = Zn, the orbifold theory has gauge group S(U(N)
n),
which can be broken to a diagonal SU(N) by scalar expectation values.) We will aim to
put this interpretation on a precise and systematic basis by computing the expectation
values of the natural gauge-invariant order parameters.
Less elementary is the case that the conical manifold Y6 is not simply an orbifold. A
simple case is that Y6 may be the conifold singularity in complex dimension three, described
in terms of complex variables w1, . . . , w4 by the equation
4∑
a=1
w2a = 0 .
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The conifold admits a conical Calabi-Yau metric of the form



















is the metric on the base of the cone [14], which is T 1,1 = (SU(2) × SU(2))/U(1). The
N = 1 superconformal field theory with gauge group SU(N)× SU(N) that results when
the D3-branes are placed at r = 0, and is dual to AdS5 × T 1,1, was discussed in detail in
[9,11].
In this example, as anticipated above, symmetry breaking can take several forms. One
may move the threebranes away from r = 0 to a smooth point, or one may resolve the
singularity of Y6 to get a smooth manifold Y
′′
6 that looks like Y6 near infinity (in which
case the threebranes are necessarily at a smooth point). In either case, assuming the
threebranes are all at the same point, the low energy theory will be the N = 4 SU(N)
gauge theory. Thus, the model analyzed in [9,11] can flow in the infrared to one of these
vacua. We will analyze the geometries that are relevant to these flows, and compute the
expectation values of chiral superfields in these vacua, getting results that are in agreement
with field theory analysis [9].
Section 2 of this paper is devoted to some details of the AdS/CFT correspondence
that will arise in our analysis. In particular, we explain how scalar fields in AdS space of
sufficiently negative mass-squared can be associated with CFT operators of two possible
dimensions. This subtlety is important for the conifold model, because it contains such
fields in its spectrum. We also formulate, following similar ideas in [15,16,17,18], the general
procedure for computing the expectation value of an operator in a quantum vacuum that
is related to a given classical solution. This will be important for our applications to
symmetry breaking. Those applications are presented in section 3 for the N = 4 theory
and orbifolds, and in section 4 for the conifold. Some technical details of the spectrum for
the conifold are given in an appendix.
2. The Mass Spectrum And Operator Dimensions
2.1. Two Theories From The Same Lagrangian
The AdS/CFT correspondence gives the following relation between the mass m of a
scalar in AdSd+1 and the dimension ∆ of the corresponding operator [2,3],
∆(∆− d) = m2 . (2.1)
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and it is often assumed that only ∆+ is admissible. If true, this would imply that dimen-
sions of scalar operators are bounded from below by d/2, which is more stringent than the
unitarity bound (d− 2)/2.
In various explicit examples of the AdS/CFT duality, however, the field theory side
contains operators of dimension less than d/2. Examples of this include the large N (2, 0)
theory dual to M theory on AdS4 × S7 where one finds operators of dimension 1 [19], the
F-theory constructions of AdS5 duals [20] where one finds dimensions 6/5, 4/3, 3/2, and
the D3-branes on the conifold [9] where there are operators of dimension 3/2. There are
also operators in the D1-D5 system with arbitrarily low dimensions. In all these examples
the supersymmetry unambiguously requires the presence of these low dimensions, all of
which are consistent with the unitarity bound but are smaller than d/2. Therefore, if the
AdS/CFT correspondence is correct, then there must be a loophole in the conclusion that
only ∆+ is admissible. This issue was raised and discussed in [15], where the relevance of
old work by Breitenlohner and Freedman [21] was also suggested.
Breitenlohner and Freedman considered a free scalar field of mass m in AdS space,
and showed that, while for m2 > −d2
4
+ 1 there is a unique admissible boundary condition









there are two possible quantizations. These two possibilities correspond to the fall-off of











and we set L = 1. Breitenlohner and Freedman formulated their arguments in Hamiltonian
terms and looked for boundary conditions that make the energy finite. Instead of repeating
their argument, we will give a heuristic derivation of the result in Euclidean space, by
requiring finiteness of the action.




























Solutions of the classical equations of motion of this theory behave near z = 0 – that is,
near the boundary of AdS space – as
φ(z, ~x) → z∆(A(~x) +O(z2)), (2.6)
where ∆ can be either ∆+ or ∆−. Any boundary condition on the field must set to zero
half of the modes of the field near the boundary. It is natural and completely AdS-invariant
to pick a particular root, ∆ = ∆+ or ∆ = ∆−, and require that φ behave as in (2.6) near
the boundary. (Of course, we do not require that φ obey the classical equations of motion
in the interior of AdS space.) With this asymptotic condition, the action (2.5) is finite for
∆ > d/2. But the bound on ∆ can be relaxed by adding appropriate boundary terms to







g φ(−∇2 +m2)φ . (2.7)
The boundary term in this integration by parts is nonzero (and in fact divergent) if ∆ ≤
d/2, so in writing the action (2.7), we are modifying the definition of the action. The





This is precisely the unitarity bound on the dimension of a scalar operator in d dimensions,
so in particular we cannot expect by any further device to get even smaller ∆’s. In the
mass range (2.3), this condition allows ∆ = ∆− as well as ∆+, while for larger m
2 only
∆ = ∆+ is allowed.
Though convergent for fields that obey the boundary conditions, the action (2.7) is
not manifestly positive definite. However, it is positive definite, because the operator
−∇2 +m2 is positive definite for the range of m2 of interest, namely m2 > −d2/4.
Thus, as pointed out in [21], there are two different AdS-invariant quantizations of the
scalar field with m2 in the range (2.3). One Lagrangian – in this case that of a scalar field
of given m2 – can give rise to two different quantum field theories in AdS space, depending
on the choice of boundary condition. According to the general AdS/CFT correspondence,
any quantum field theory in AdS space is equivalent to a conformal field theory on the
boundary. The two different AdS theories with a given m2 will correspond to two different
CFT’s, one with an operator of dimension ∆+ and the other with an operator of dimension
∆−.
1 In many examples, one of the two theories is much more readily studied than the
other because one is supersymmetric and the other is not. But both exist in principle.
1 Of course, treating the AdS scalar field as a free field of mass m2 can never be precisely right,
since this field always interacts at least with gravity. There will in general be mass renormalization,
in which case the dimensions of the operators will not be precisely ∆+ and ∆−.
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2.2. Correlation Functions
Our main remaining goal will be to define the correlation functions from the AdS/CFT
correspondence for both choices of the theory. In the process we will also give an important
formula for the expectation values of operators. We will look for the definition of the
Euclidean action which generates properly normalized correlation functions.
To compute correlation functions, one must relax the boundary condition (2.6), so we
have to exercise additional care in defining the action. Indeed, there is a subtlety with the
normalization of the two-point function in the AdS/CFT correspondence. In [22], it was
shown that an extra factor of (2∆− d)/d, not coming in an obvious way from evaluating
the classical action, is needed for consistency with the Ward identities. This factor was
then derived by imposing the boundary condition at z = , as advocated in [2,23,22], and
taking the  → 0 limit at the end of the calculation. We will present a different way of
obtaining this factor which involves adding an appropriate boundary term to the action.
In calculating correlation functions of vertex operators from the AdS/CFT correspon-
dence, the first problem is to reconstruct an on-shell field in AdSd+1 from its boundary
behavior. If ∆ is one of the roots of (2.1), then one requires that for small z
φ(z, ~x) → zd−∆φ0(~x) + z∆A(~x) , (2.9)
where φ0(~x) is a prescribed “source” function and A(~x) describes a physical fluctuation
that will be determined from the source by solving the classical equations. In our discussion
so far, we only considered the physical fluctuation A(~x).
We begin with the usual case ∆ = ∆+. In this case, the first term in (2.9) domi-
nates over the second near z = 0, and the construction of φ(z, ~x) from φ0(~x) is usually





















For extended sources this is a formal expression because it diverges for ∆ > d/2, but it
will be useful after appropriate regularization is taken into account. We may also consider




Γ(∆− (d/2)) |~x− ~x
′|−2∆ (2.12)
and it was observed in [16] that, up to a normalization factor, this is the two-point function
〈O(~x)O(~x′)〉. This suggests that A(~x) has the interpretation of the expectation value of
the operator O(~x) in the theory where another operator O is inserted at ~x′. We will see
that the precise relation is
A(~x) =
1
2∆− d 〈O(~x)〉 (2.13)
Up to normalization this is the same relation as the one advocated in [15,16,17,18]. The
precise factor is related to the normalization of the two-point function first found in [22].
We will be able to show that this relation holds beyond the linearized approximation.
In order to define the value of action on the solution (2.11), it is convenient to introduce
another field, χ, through
φ(z, ~x) = zd−∆χ(z, ~x) .
After integrating by parts and discarding an appropriate boundary term, the action as-












We propose to define the two-point function for ∆ = ∆+ using this action. It differs from
the original action (2.5) in that the leading small z divergence has been discarded. The
action integral in (2.14) is convergent if d/2 + 1 > ∆ > d/2. For ∆ ≥ d/2 + 1, a more
complicated subtraction of boundary divergences is needed to get a well-defined action.
This corresponds to the fact that the conformal field theory generating functional that
we will compute has additional short distance singularities if ∆ ≥ d/2 + 1. We will not
explicitly make the additional regularization of the action that is needed for ∆ in this
range.
Now we are ready to calculate the two-point function from the AdS/CFT correspon-
dence. We need to evaluate the improved action I in terms of φ0(~x); that is, we need to
evaluate I for a classical solution (2.11) with given φ0(~x). Integrating (2.14) by parts we
find









In evaluating this expression, the φ0 ·φ0 terms vanish if ∆ < d/2+1,2 and the A ·A terms
vanish if ∆ > d/2. To be more precise, to evaluate (2.15), we can replace χ by φ0 and
∂zχ by (2∆− d)z2∆−d−1A(~x) for small z. (Terms with A coming from χ and φ0 from ∂zχ
vanish using the assertion in the last footnote.) So we find that








|~x− ~x′|2∆ . (2.16)
In particular, as expected, ∆ is the dimension of the operator O that couples to the source
φ0 in the boundary conformal field theory. Because of the divergence for ~x near ~x
′ (2.16)
has to be understood in an appropriately regularized sense. For example, the corresponding















is the Fourier transform of the two-point function (we have defined ν =
√
m2 + d2/4 =
∆+ − d/2). (2.17) is finite for φ0(k) that fall off sufficiently fast for large k. Note that the
Fourier transform of |~x|−2∆+ is actually UV divergent and when appropriately defined has
the negative coefficient that is indicated.
We will not attempt a similar derivation in detail for ∆ > d/2+1. However, we claim
that in this range, after the additional subtractions of boundary terms that are needed to
make I finite, the φ0 · φ0 terms vanish and the φ0 · A terms can be evaluated to give the
same formula as (2.16).
The overall minus sign in (2.16) is crucial: since φ0 is interpreted as the source coupling
to the CFT operator O, this is the correct sign to insure the positivity of the two-point
function. Indeed, exp(−I) is interpreted in the boundary field theory as 〈exp(∫ φ0O)〉. So
negativity of (2.16) is needed for positivity of the correlation function 〈O(~x)O(~x′)〉.
One-Point Function In Presence Of Sources
The prefactor ∆ − (d/2) in (2.16) is also important: this is the factor advocated in
[22]. Due to the presence of this factor, we see, on comparing (2.12) to (2.16), that the
2 To prove this, one uses the fact that the φ0 term in a classical solution is more precisely
zd−∆φ0(1 + O(z
2)).
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